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1
Ryder in one of the most nowadays widely used text-
books on quantum field theory [1], has recently proposed
an alternative derivation of the Dirac equation. His pro-
posal contains, in essence, the steps followed to derive
the plane wave solutions of the free Dirac equation in
an arbitrary frame from the plane wave solutions in the
rest frame, but in the opposite direction [2]. We consider
that the underlying idea in his derivation has a signifi-
cant pedagogical value, but it omits important concep-
tual features, as e.g., the physical meaning of the neg-
ative energies [3] and the relative intrinsic parity of the
elementary particles [4]. In this comment we repeat Ry-
der’s derivation amending such omissions, which becomes
a more instructive derivation since it reveals the physical
content of the Dirac equation. Moreover, we explicitly
show the few physical hypotheses which are enough to
uniquely determine it.
Let us outline Ryder’s argument which corresponds to
ǫ = 1 in the following formulas. We are searching for a
wave equation for spin 1/2 particles, so let us consider
Weyl chiral spinors. It is well known that right and left
handed Weyl spinors are two spin 1/2 irreducible repre-
sentations of the Lorentz group interchanged under par-
ity transformation, which transform under boosts as [5,6]
ϕR
L
(~v) = exp[±
1
2
~σ.~nφ]ϕR
L
(0)
= [cosh(
φ
2
)± ~σ.~n sinh(
φ
2
)]ϕR
L
(0), (1)
where ~σ = (σ1, σ2, σ3) are the Pauli matrices, ~v = v~n is
the velocity and φ the additive parameter of the boost
(tanhφ = v; c = 1). Supposing now that ϕR
L
(0) are the
spinors corresponding to the frame where a particle (or
an antiparticle) is at rest. Using trigonometric algebra
we can rewrite (1) as
ϕR
L
(ǫEp, ǫ~p) =
[√
γ + 1
2
± ~σ.ǫ
~p
p
√
γ − 1
2
]
ϕR
L
(ǫm, 0),
(2)
where ~p = ǫmγ~v, m > 0, γ = (1 − v2)−
1
2 = Ep/m, and
ǫ = +1 for particles and ǫ = −1 for antiparticles.
The well known relativistic energy-momentum relation
for particles and antiparticles,
E = ǫEp = ǫ
√
p2 +m2, (3)
where E represents the energy of both particles and an-
tiparticles [we assume that the antiparticles has negative
energy; see the comment (a) below], allows to put Eq.
(2) in the form,
ϕR
L
(ǫEp, ǫ~p) =
Ep +m± ǫ~σ.~p√
2m(Ep +m)
ϕR
L
(ǫm, 0). (4)
Let us assume for a moment that, in the rest frame,
ϕR(ǫm, 0) = ǫϕL(ǫm, 0). (5)
(We will later discuss the physical meaning of this state-
ment.) Then, using the algebra of Pauli matrices we can
immediately verify that
ϕR
L
(ǫEp, ǫ~p) =
ǫEp ± ~σ.~p
m
ϕL
R
(ǫEp, ǫ~p). (6)
The system of equations (6) is nothing else than an-
other way of writing the “Dirac equation,” as was origi-
nally proposed by Weyl [7],
(ǫEp + ~σ.~p)ϕL = mϕR, (7)
(ǫEp − ~σ.~p)ϕR = mϕL. (8)
This can be easily verified, defining the γ matrices and
the four-spinor ψ by
γ0 =
(
0 1
1 0
)
, ~γ =
(
0 −~σ
~σ 0
)
, ψ =
(
ϕR
ϕL
)
, (9)
and rewriting Eqs. (7) and (8) in a more standard way,
(γµpµ −m)ψ(pµ) = 0, (10)
where pµ = (E,−~p) [8]. However, strictly speaking, Eq.
(10) is not the Dirac equation yet, but it could be ob-
tained, in a heuristic way, replacing pµ by the “operator”
pˆµ = i∂µ (h¯ = 1) (see Ref. [9]),
(iγµ∂µ −m)ψD(x
µ) = 0, (11)
where ψD(x
µ) = ψ(pµ)e
−ipµx
µ
. Nevertheless, this result
cannot be rigorously reached, unless one considers the
inhomogeneous Lorentz group from the very beginning.
Let us now examine the hypotheses which lead to Eq.
(10) in detail.
(a) We have assumed the standard formulas of classi-
cal relativistic dynamics [e.g., Eq. (3)], associating par-
ticles and antiparticles with positive and negative energy
values, according to Stu¨ckelberg-Feynman interpretation
[10].
(b) We have also assumed that the desired equation
must describe a spin 1/2 system, so we have chosen spin
1/2 representations of the homogeneous Lorentz group.
In this way we have derived the Weyl equations (7) and
(8). At this point from these equations, making the re-
placement pµ by pˆµ, we can build a first order equation
[Eq. (11)] for a four-components wave function ψD fol-
lowing Dirac [11], which is the direct sum of the two Weyl
representations [Eq. (9)]. Alternatively, following Feyn-
man and Gell-Mann [12], we can combine Eqs. (7) and
(8) to form a second order equation, in which is necessary
to consider only one of the chiral two-components wave
functions.
(c) We want finally to remark that Eq. (5) is equiva-
lent to postulating that the relative intrinsic parity [4] of
2
particles and antiparticles is opposite. This fact means
that, for instance, considering that ϕR
L
(ǫm, ǫ~p) represents
the state of the spin 1/2 system, we can choose
PϕR
L
(ǫm, 0) = ǫϕR
L
(ǫm, 0), (12)
where P is the intrinsic parity operator. However, we
know that
PϕR
L
(ǫm, 0) = ϕL
R
(ǫm, 0). (13)
Then, comparing the two sets of equations we obtain Eq.
(5). (It is easy to check that in each set of equations
there is a redundant one.)
To conclude, we have shown that the derivation ex-
posed above highlights the essential content of the Dirac
equation [hypotheses (a), (b), and (c)]. This fact con-
trasts with the standard derivation introduced in clas-
sical textbooks [13], which follows Dirac’s original idea
[11] of linearizing the Klein-Gordon equation, i.e., to ob-
tain a Schro¨dinger equation putting on an equal footing
both the temporal and the spatial derivatives by rela-
tivistic invariance considerations [9]. However, as it was
later admitted [14], the linearization condition does not
uniquely lead to spin 1/2 systems. In Dirac’s original
scheme, the appearance of the spin 1/2, the negative en-
ergies (which are common to all spins), and the relative
intrinsic parity, i.e., conditions (a), (b), and (c), came
as unexpected consequences [15]. (This is what brought
about the broad impact of Dirac’s work.) But now, a ret-
rospective view, based on the experimental facts, allows
us to uniquely obtain the desired relativistic equation for
a massive, spin 1/2 system. Here mainly lies the already
mentioned pedagogical value of Ryder’s modified deriva-
tion of the Dirac equation that we have revised in this
comment.
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